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Abstract
Let X be a complex Banach space and h :R→ C a continuous function. Let Th :C1(R,X)→
C(R,X) be the linear differential operator defined by Thu = u′ + hu. We give a necessary and
sufficient condition in order that the operator Th has the Hyers–Ulam stability.
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1. Introduction
In 1940, Ulam posed the following problem: “Give conditions in order for a linear
mapping near an approximately linear mapping to exist” (cf. [10,11]). Concerning Ulam’s
problem (or question), an answer has been given in the following way. Let E1,E2 be two
real Banach spaces and f :E1 →E2 a mapping such that f (tx) is continuous in t ∈R, the
set of all real numbers, for each fixed x ∈E1. Assume that there exist θ  0 and p ∈R\{1}
such that∥∥f (x + y)− f (x)− f (y)∥∥ θ(‖x‖p + ‖y‖p)
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T. Miura et al. / J. Math. Anal. Appl. 286 (2003) 136–146 137for every x, y ∈ E1. Then there exists a unique linear mapping T :E1 → E2 such that
‖f (x) − T (x)‖  2θ‖x‖p/|2 − 2p| for every x ∈ E1. Hyers [3] obtained the result for
p = 0. Then Rassias [7] generalized the above result of Hyers to the case where 0 p < 1.
Moreover, the proof given in [7] also works for p < 0. Gajda [2] solved the problem for
1 <p and also gave an example that a similar result does not hold for p = 1 (cf. [8]).
Let Y be a real or complex Banach space. We write C(I,Y ) for the linear space of all
Y -valued continuous functions on an open interval I ⊂R and C1(I, Y ) the linear subspace
of all f ∈ C(I,Y ) which is strongly differentiable and its derivative f ′ is continuous. We
define
‖f ‖∞ def= sup
{∥∥f (t)∥∥: t ∈ I}
for every f ∈ C(I,Y ), admitting the value ∞. Here, ‖ · ‖ denotes the norm on Y .
Let C be the set of all complex numbers and h :R→C a continuous function. Then we
define the linear differential operator Th :C1(I, Y )→C(I,Y ) by
(Thu)(t)= u′(t)+ h(t)u(t)
(∀u ∈C1(I, Y ), ∀t ∈ I).
Note that Th is surjective. Indeed, for every v ∈C(I,Y ) the function
u(t)= 1
h˜(t)
t∫
0
h˜(s)v(s) ds
satisfies Thu= v. Here, h˜(t)= exp
∫ t
0 h(s) ds for all t ∈ I . Conversely, the general solution
of the equation Thu= v is of the form
u(t)= 1
h˜(t)
{
y0 +
t∫
0
h˜(s)v(s) ds
}
for every t ∈ I . Here y0 ∈ Y denotes an arbitrary element.
Definition. We say that the operator Th has the Hyers–Ulam stability if there exists a con-
stant K  0 with the following property: For every ε  0, v ∈ C(I,Y ), and u ∈ C1(I, Y )
satisfying ‖Thu−v‖∞  ε there exists u0 ∈ C1(I, Y ) such that Thu0 = v and ‖u−u0‖∞ 
Kε. We call such K a HUS constant for Th. If, in addition, minimum of all such K’s exists,
then we call it the HUS constant for Th.
The case where Y = R and h=−1 was essentially studied by Alsina and Ger [1]. Their
result reads as follows: If ε > 0 and f ∈C1(I,R) satisfies ‖f ′−f ‖∞  ε, then there exists
g ∈ C1(I,R) such that ‖f − g‖∞  3ε and g′(t)= g(t) for all t ∈ I . Two of the present
authors with Choda [4] considered the case where Y is the Banach space of all real-valued
bounded continuous functions on a topological space S. Miura [5] considered the case
where Y is a uniformly closed linear subspace of all complex-valued bounded continuous
functions on S. In each case, the Hyers–Ulam stability for Th have been proved, where h is
a constant function. In [9] the authors proved that Th has the Hyers–Ulam stability if h is a
constant function with Reh = 0 and if Y is an arbitrary non-zero complex Banach space.
Moreover, if I = R, then 1/|Reh| is the HUS constant for Th. More generally, we can
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coefficients. The authors [6] also gave a characterization for the Hyers–Ulam stability of
such operators.
Throughout this paper, X denotes a non-zero complex Banach space. We are concerned
with the Hyers–Ulam stability of the linear differential operator Th :C1(R,X)→C(R,X).
We give a necessary and sufficient condition in order that the operator Th has the Hyers–
Ulam stability. Suppose Th has the Hyers–Ulam stability. If, in addition, inf{|h˜(t)|: t ∈
[0,∞)} = 0 or inf{|h˜(t)|: t ∈ (−∞,0]} = 0, then we give the HUS constant for Th; on the
other hand, if we consider the case where inf{|h˜(t)|: t ∈R}> 0, we do not know whether
the infimum of all HUS constants for Th is a HUS constant.
2. Main results
Let g :R→ C be a continuous function. We define g˜(t) def= exp∫ t0 g(s) ds for every
t ∈R. For such g we set Cg , Dg , and Eg as follows:
Cg
def= sup
t∈R
1
|g˜(t)|
∞∫
t
∣∣g˜(s)∣∣ds, Dg def= sup
t∈R
1
|g˜(t)|
t∫
−∞
∣∣g˜(s)∣∣ds,
Eg
def= sup
t∈R
1
|g˜(t)|
∣∣∣∣∣
t∫
0
∣∣g˜(s)∣∣ds
∣∣∣∣∣.
We do not assume that each of Cg , Dg , and Eg is finite.
Theorem 2.1. Let h :R→ C be a continuous function and Th :C1(R,X)→ C(R,X) the
linear operator defined by
(Thu)(t)= u′(t)+ h(t)u(t)
(∀u ∈C1(R,X), ∀t ∈R).
Suppose that one of Ch, Dh, and Eh is finite. Then Th has the Hyers–Ulam stability with
a HUS constant Ch, Dh, and Eh, respectively. Moreover, if Ch <∞ or Dh <∞ then
for each v ∈ C(R,X) and u ∈ C1(R,X) satisfying ‖Thu − v‖∞ <∞, an element u0 ∈
C1(R,X) with the condition
Thu0 = v and ‖u− u0‖∞ <∞ ()
is uniquely determined.
Proof. Let ε  0, v ∈ C(R,X), and u ∈ C1(R,X) satisfy ‖Thu − v‖∞  ε. Set w def=
Thu− v. Since Thu= v+w, we have
u(t)= 1
h˜(t)
{
u(0)+
t∫
h˜(s)
(
v(s)+w(s))ds
}
0
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h˜(t)
t∫
0
h˜(s)v(s) ds + 1
h˜(t)
{
u(0)+
t∫
0
h˜(s)w(s) ds
}
for every t ∈R.
First, we consider the case where Ch < ∞. Since ‖w‖∞  ε, the integral∫∞
0 h˜(t)w(t) dt ∈X exists. Therefore, for each t ∈R we obtain
u(t)= 1
h˜(t)
t∫
0
h˜(s)v(s) ds + 1
h˜(t)
{
u(0)+
∞∫
0
h˜(s)w(s) ds
}
− 1
h˜(t)
∞∫
t
h˜(s)w(s) ds.
Put x0
def= u(0)+ ∫∞0 h˜(s)w(s) ds and
u0(t)
def= 1
h˜(t)
{
x0 +
t∫
0
h˜(s)v(s) ds
}
(∀t ∈R).
Then Thu0 = v and
u(t)= u0(t)− 1
h˜(t)
∞∫
t
h˜(s)w(s) ds (∀t ∈R).
Consequently we have the inequality
∥∥u(t)− u0(t)∥∥= 1|h˜(t)|
∥∥∥∥∥
∞∫
t
h˜(s)w(s) ds
∥∥∥∥∥ ε|h˜(t)|
∞∫
t
∣∣h˜(s)∣∣ds  Chε (∀t ∈R).
This implies that Th has the Hyers–Ulam stability with a HUS constant Ch.
IfDh <∞, then we can show that Th has the Hyers–Ulam stability with a HUS constant
Dh in a way similar to the above and the proof is omitted.
Next, consider the case where Eh <∞. If we define u1 by
u1(t)
def= 1
h˜(t)
{
u(0)+
t∫
0
h˜(s)v(s) ds
}
(∀t ∈R),
then Thu1 = v as noted above. Also we have the following inequality:
∥∥u(t)− u1(t)∥∥= 1|h˜(t)|
∥∥∥∥∥
t∫
0
h˜(s)w(s) ds
∥∥∥∥∥ ε|h˜(t)|
∣∣∣∣∣
t∫
0
∣∣h˜(s)∣∣ds
∣∣∣∣∣Ehε (∀t ∈R).
That is, Th has the Hyers–Ulam stability with a HUS constant Eh.
Finally, if Ch <∞ or Dh <∞, then we show the uniqueness in the sense of (). To do
this, let u2, u3 ∈C1(R,X) satisfy
Thuj = v and ‖u− uj‖∞ Mj <∞ (j = 2,3)
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that
uj (t)= 1
h˜(t)
{
xj +
t∫
0
h˜(s)v(s) ds
}
(∀t ∈R)
for j = 2,3. Therefore, we obtain
‖x2 − x3‖ =
∣∣h˜(t)∣∣∥∥u2(t)− u3(t)∥∥ ∣∣h˜(t)∣∣(M2 +M3)
for all t ∈ R. Note that inft∈R |h˜(t)| = 0 since |h˜| is integrable on (−∞,0] or [0,∞).
Therefore, we have x2 = x3, and so this implies u2 = u3. ✷
Remark 2.1. Note that only one of Ch, Dh, and Eh could be finite. Furthermore, all of Ch,
Dh, and Eh could be infinite. We first show that Ch <∞ or Dh <∞ implies Eh =∞. In
fact, suppose that Ch is finite, then |h˜| is integrable on [0,∞). Therefore inft∈[0,∞) |h˜(t)|
= 0, and hence we can find a strictly monotone increasing sequence {tn}n∈N ⊂ [0,∞) such
that
tn ↗∞ (n→∞) and
∣∣h˜(tn)∣∣< 1
n
(∀n ∈N).
Here, N denotes the set of all natural numbers. Then we obtain the following inequality:
Eh 
1
|h˜(tn)|
∣∣∣∣∣
tn∫
0
∣∣h˜(s)∣∣ds
∣∣∣∣∣> n
tn∫
0
∣∣h˜(s)∣∣ds→∞ (n→∞).
This implies Eh =∞. Similarly, we can treat the case where Dh <∞.
Secondly, we see thatCh <∞ impliesDh =∞. In fact, ifCh <∞ then inft∈[0,∞) |h˜(t)|
= 0, and so inft∈(−∞,0] |h˜(t)| > 0 by Theorem 2.1 and (d) of Theorem 2.2. Hence∫ 0
−∞ |h˜(t)|dt =∞, that is, we obtain Dh =∞. Therefore, we have that if Ch <∞ then
Dh =Eh =∞. So, the conditions Ch <∞, Dh <∞, and Eh <∞ are pairwise disjoint.
Finally, let n ∈N and put h(t)=−t2n−1 for t ∈ R. Then we see that Th does not have
the Hyers–Ulam stability (cf. (c) of Example 2.1), and hence Ch = Dh = Eh = ∞ by
Corollary 2.3.
We have proved that the uniqueness in the sense of () is true if Ch or Dh is finite. On
the other hand, we see that the uniqueness need not be true for the case where Eh <∞.
Remark 2.2. Let h :R→ C be a continuous function with Eh <∞ and K an arbitrary
constant with Eh < K . Then for every ε > 0, v ∈ C(R,X), and u ∈ C1(R,X) satisfying
‖Thu− v‖∞  ε, we can find infinitely many functions w ∈ C1(R,X) such that Thw = v
and ‖u−w‖∞ Kε.
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K <∞. By Theorem 2.1 we see that Th has the Hyers–Ulam stability. That is, we can find
u0 ∈C1(R,X) such that Thu0 = v and ‖u− u0‖∞ Ehε. Note that u0 is of the form
u0(t)= 1
h˜(t)
{
u0(0)+
t∫
0
h˜(s)v(s) ds
}
(∀t ∈R).
Put r def= inft∈R |h˜(t)|. We see that r > 0 if Eh <∞ (see Remark 2.3). For each x ∈X with
‖x − u0(0)‖ r(K −Eh)ε, we define the function ux ∈C1(R,X) by
ux(t)= 1
h˜(t)
{
x +
t∫
0
h˜(s)v(s) ds
}
(∀t ∈R).
Then ux satisfies Thux = v and∥∥u(t)− ux(t)∥∥ ∥∥u(t)− u0(t)∥∥+ ∥∥u0(t)− ux(t)∥∥
Ehε+ 1|h˜(t)|
∥∥u0(0)− x∥∥Ehε+ r|h˜(t)| (K −Eh)ε Kε
for every t ∈ R. Therefore, we have proved that there are infinitely many functions w ∈
C1(R,X) such that Thw = v and ‖u−w‖∞ Kε.
The following theorem gives a converse to Theorem 2.1.
Theorem 2.2. Let h :R→ C be a continuous function and Th :C1(R,X)→ C(R,X) the
linear operator defined by
(Thu)(t)= u′(t)+ h(t)u(t)
(∀u ∈C1(R,X), ∀t ∈R).
Suppose that Th has the Hyers–Ulam stability. Then the following assertions hold:
(a) If inft∈[0,∞) |h˜(t)| = 0 then Ch <∞. Moreover, Ch is the HUS constant for Th.
(b) If inft∈(−∞,0] |h˜(t)| = 0 then Dh <∞. Moreover, Dh is the HUS constant for Th.
(c) If inft∈R |h˜(t)|> 0 then Eh <∞.
(d) Either inft∈(−∞,0] |h˜(t)| or inft∈[0,∞) |h˜(t)| is positive.
Proof. Fix x0 ∈ X so that ‖x0‖ = 1. Set v(t) = |h˜(t)|x0/h˜(t) for every t ∈ R. Since v ∈
C(R,X), we can define u ∈ C1(R,X) by
u(t)
def= 1
h˜(t)
t∫
0
h˜(s)v(s) ds = 1
h˜(t)
t∫
0
x0
∣∣h˜(s)∣∣ds (∀t ∈R).
Then Thu= v and hence ‖Thu‖∞ = ‖v‖∞ = 1. Let K be an arbitrary HUS constant for Th.
We can find u0 ∈C1(R,X) such that
Thu0 = 0 and ‖u− u0‖∞ K.
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Therefore,∥∥∥∥∥
t∫
0
x0
∣∣h˜(s)∣∣ds − x1
∥∥∥∥∥K∣∣h˜(t)∣∣ (∀t ∈R). (1)
(a) Suppose that inft∈[0,∞) |h˜(t)| = 0. Then we can find a strictly monotone increasing
sequence {tn}n∈N ⊂ [0,∞) such that
tn ↗∞ (n→∞) and
∣∣h˜(tn)∣∣< 1
n
(∀n ∈N).
Then we have by (1),∣∣∣∣∣
tn∫
0
∣∣h˜(s)∣∣ds − ‖x1‖
∣∣∣∣∣K∣∣h˜(tn)∣∣< Kn (∀n ∈N). (2)
By (2) it is easy to see that the integral ∫∞0 |h˜(s)|ds exists. Letting t = tn and n→∞
in (1), we obtain x1 =
∫∞
0 x0|h˜(s)|ds. Therefore, by (1) we have
∞∫
t
∣∣h˜(s)∣∣ds =
∥∥∥∥∥
t∫
0
x0
∣∣h˜(s)∣∣ds − x1
∥∥∥∥∥K
∣∣h˜(t)∣∣ (3)
for every t ∈R. This implies that Ch K <∞. Since K is an arbitrary HUS constant and
Ch itself is a HUS constant by Theorem 2.1, we see that Ch is the HUS constant for Th.
(b) Similarly, we can show that Dh < ∞ and Dh is the HUS constant for Th if
inft∈(−∞,0] |h˜(t)| = 0.
(c) Suppose that inft∈R |h˜(t)|> 0. Then
sup
t∈R
∥∥u0(t)∥∥= sup
t∈R
‖x1‖
|h˜(t)| =
‖x1‖
inft∈R |h˜(t)|
<∞.
Hence, ‖x1‖ ‖u0‖∞|h˜(t)| for every t ∈R. By (1) we obtain∣∣∣∣∣
t∫
0
∣∣h˜(s)∣∣ds
∣∣∣∣∣=
∥∥∥∥∥
t∫
0
x0
∣∣h˜(s)∣∣ds
∥∥∥∥∥ (K + ‖u0‖∞)∣∣h˜(t)∣∣ (∀t ∈R).
Therefore, we have proved that Eh <∞.
(d) Suppose that inft∈[0,∞) |h˜(t)| = 0. Then we show that inft∈(−∞,0] |h˜(t)| > 0. To
this end, suppose the contrary, that is, inft∈(−∞,0] |h˜(t)| = 0. Then we can find a strictly
monotone decreasing sequence {sn}n∈N ⊂ (−∞,0] such that sn ↘ −∞ as n→∞ and
|h˜(sn)|< 1/n for every n ∈N. By (3), we have
∞∫ ∣∣h˜(s)∣∣ds K∣∣h˜(sn)∣∣< K
nsn
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implies inft∈(−∞,0] |h˜(t)|> 0. This completes the proof. ✷
By Theorems 2.1 and 2.2, we have a characterization for Th to have the Hyers–Ulam
stability.
Corollary 2.3. Let h :R→ C be a continuous function and Th :C1(R,X)→ C(R,X) the
linear operator defined by
(Thu)(t)= u′(t)+ h(t)u(t)
(∀u ∈C1(R,X), ∀t ∈R).
Then the operator Th has the Hyers–Ulam stability if and only if one of Ch, Dh, and Eh is
finite. More precisely, the following are true:
(a) If inft∈[0,∞) |h˜(t)| = 0, then Th has the Hyers–Ulam stability if and only if Ch <∞.
(b) If inft∈(−∞,0] |h˜(t)| = 0, then Th has the Hyers–Ulam stability if and only if Dh <∞.
(c) If inft∈R |h˜(t)|> 0, then Th has the Hyers–Ulam stability if and only if Eh <∞.
Remark 2.3. The condition inft∈[0,∞) |h˜(t)| = 0 in (a) of Theorem 2.2 is indeed nec-
essary to Ch < ∞. In fact, if Ch < ∞, then |h˜| is integrable on [0,∞), and hence
inft∈[0,∞) |h˜(t)| = 0. Similarly, inft∈(−∞,0] |h˜(t)| = 0 is necessary to Dh <∞. Note also
that Eh <∞ implies inft∈R |h˜(t)| > 0. In fact, suppose Eh is finite, then Ch = Dh =∞
by Remark 2.1. Moreover, Theorem 2.1 shows that Th has the Hyers–Ulam stability. So,
Corollary 2.3 forces inft∈R |h˜(t)|> 0.
Corollary 2.4. Let ϕ :R→R be a continuous function and ψ :R→R a continuous func-
tion satisfying supt∈R |
∫ t
0 ψ(s) ds| < M for some constant M > 0. Let h :R→ C be a
continuous function with Reh= ϕ +ψ .
(a) Suppose that there exist t0 > 0 and δ0 > 0 such that |t| t0 implies ϕ(t)−δ0. Then
Ch <∞ and hence Th has the Hyers–Ulam stability.
(b) Suppose that there exist t1 > 0 and δ1 > 0 such that |t|  t1 implies δ1  ϕ(t). Then
Dh <∞ and hence Th has the Hyers–Ulam stability.
(c) Suppose that there exist t2 > 0 and δ2 > 0 such that t −t2 implies ϕ(t)−δ2 and
that t2  t implies δ2  ϕ(t). Then Eh <∞ and hence Th has the Hyers–Ulam stabil-
ity.
Proof. (a) First, we show that the integral ∫∞t ϕ˜(s) ds exists for each t ∈ R. In fact, if
s  t0, then we have
s∫
0
ϕ(τ) dτ 
t0∫
0
ϕ(τ) dτ −
s∫
t0
δ0 dτ 
t0∫
0
ϕ(τ) dτ − δ0s + δ0t0
by hypothesis. It follows that
ϕ˜(s) ϕ˜(t0)eδ0t0e−δ0s (4)
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∞∫
t
ϕ˜(s) ds 
t0∫
t
ϕ˜(s) ds + ϕ˜(t0)eδ0t0
∞∫
t0
e−δ0s ds =
t0∫
t
ϕ˜(s) ds + 1
δ0
ϕ˜(t0) <∞.
Hence the existence of
∫∞
t ϕ˜(s) ds has been proved for each t ∈R.
Next, we show that Cϕ is finite.
(i) The case of t0  t . Note that ϕ˜(s)→ 0 as s→∞ by (4). Since 1−ϕ(s)/δ0 for all
s  t0, it follows that
∞∫
t
ϕ˜(s) ds − 1
δ0
∞∫
t
ϕ(s)ϕ˜(s) ds =− 1
δ0
[
ϕ˜(s)
]∞
t
= 1
δ0
ϕ˜(t).
(ii) The case of −t0 < t < t0. Put α = inf{ϕ˜(s): |s|< t0}. Then
∞∫
t
ϕ˜(s) ds 
∞∫
−t0
ϕ˜(s) ds 
{
1
α
∞∫
−t0
ϕ˜(s) ds
}
ϕ˜(t).
(iii) The case of t −t0. By a similar argument for (4), we see that
ϕ˜(t) e−δ0(t+t0)ϕ˜(−t0) ϕ˜(−t0).
Note also that ϕ(s)−δ0 for all s −t0. It follows that
∞∫
t
ϕ˜(s) ds =
−t0∫
t
ϕ˜(s) ds +
∞∫
−t0
ϕ˜(s) ds
− 1
δ0
−t0∫
t
ϕ(s)ϕ˜(s) ds +
∞∫
−t0
ϕ˜(s) ds 
{
1
δ0
+ 1
ϕ˜(−t0)
∞∫
−t0
ϕ˜(s) ds
}
ϕ˜(t).
From the above, we have proved that Cϕ <∞.
Finally, we show that Ch is finite. Now, recall that
∣∣h˜(t)∣∣= exp
t∫
0
Reh(τ) dτ = ϕ˜(t)ψ˜(t)
for every t ∈ R since Reh = ϕ + ψ . Note also that e−M < ψ˜(t) < eM for all t ∈ R by
hypothesis. Therefore, we obtain
1
|h˜(t)|
∞∫
t
∣∣h˜(s)∣∣ds = 1
ϕ˜(t)ψ˜(t)
∞∫
t
ϕ˜(s)ψ˜(s) ds  e2MCϕ
for all t ∈ R, and so Ch < ∞. By Theorem 2.1 we have that Th has the Hyers–Ulam
stability.
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has the Hyers–Ulam stability by Theorem 2.1.
(c) A similar argument for (a) shows that
0 <
t∫
0
ϕ˜(s) ds 
{
1
δ2
+ 1
ϕ˜(t2)
t2∫
0
ϕ˜(s) ds
}
ϕ˜(t) (∀t  t2),
0 <
0∫
t
ϕ˜(s) ds 
{
1
δ2
+ 1
ϕ˜(−t2)
0∫
−t2
ϕ˜(s) ds
}
ϕ˜(t) (∀t −t2).
Also, put β def= infs∈[−t2,t2] ϕ˜(s); then we have{
1
β
−t2∫
0
ϕ˜(s) ds
}
ϕ˜(t)
t∫
0
ϕ˜(s) ds 
{
1
β
t2∫
0
ϕ˜(s) ds
}
ϕ˜(t)
for every −t2 < t < t2. Therefore, we get Eϕ <∞. By a similar argument as in the last
paragraph of (a), we can show that Eh <∞ and the proof is omitted. Hence we see that Th
has the Hyers–Ulam stability by Theorem 2.1. ✷
In Corollary 2.4, if we consider the case where ϕ is a non-zero constant function and
ψ = 0, then we obtain the following result, which is a special but an essential case for [9,
Theorem 2.1].
Corollary 2.5. Let h be a constant function, say λ ∈C. If Reλ = 0, then Th has the Hyers–
Ulam stability with the HUS constant 1/|Reλ|.
Remark 2.4. Let P(z) be a polynomial of degree n with complex coefficients and D =
d/dt the ordinary differential operator. In a way similar to our Definition, we can define
the Hyers–Ulam stability of the linear differential operator P(D) :Cn(R,X)→ C(R,X)
with constant coefficients. In this case, the authors [6, Theorem 1.3] have given a charac-
terization for the Hyers–Ulam stability of P(D): The operator P(D) has the Hyers–Ulam
stability if and only if the equation P(z)= 0 has no pure imaginary solution.
Example 2.1. Let n ∈ N ∪ {0}, an ∈ R \ {0}, and h(t)=∑nk=0 aktk be a polynomial with
real coefficients.
(a) If n is even, then Th has the Hyers–Ulam stability.
(b) If n is odd and an > 0, then Th has the Hyers–Ulam stability.
(c) If n is odd and an < 0, then Th does not have the Hyers–Ulam stability.
(a) and (b) These are immediate consequences of Corollary 2.4.
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= 0. Indeed,
h˜(t)= exp
{ t∫
0
(
n∑
k=0
aks
k
)
ds
}
= exp
{
n∑
k=0
ak
k + 1 t
k+1
}
→ 0
as t →±∞. Therefore, inft∈[0,∞) |h˜(t)| = inft∈(−∞,0] |h˜(t)| = 0, and so by (d) of Theo-
rem 2.2 we see that Th does not have the Hyers–Ulam stability.
Example 2.2. Let h(t) = t sin t for all t ∈ R. Then h˜(t) = esin t e−t cos t for every t ∈ R.
Note that h˜(2nπ)= e−2nπ and h˜((2n+ 1)π)= e(2n+1)π for n ∈ Z, the set of all integers.
Therefore, we have
lim
n→∞ h˜(2nπ)= limn→−∞ h˜
(
(2n+ 1)π)= 0.
Hence inft∈[0,∞) h˜(t) = inft∈(−∞,0] h˜(t) = 0. By (d) of Theorem 2.2, we see that Th does
not have the Hyers–Ulam stability.
Remark 2.5. We proved that if Ch <∞ (respectively, Dh <∞) then Ch (respectively,
Dh) is the HUS constant for Th. On the other hand, we do not know whether Eh is the
HUS constant for Th when Eh <∞. Moreover, we are not sure whether the infimum of all
HUS constants for Th itself is a HUS constant.
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